We present an example of a C 1 -robustly transitive skew-product with non-trivial, non-hyperbolic action on homology. The example is conservative, ergodic, non-uniformly hyperbolic and its fiber directions cannot be decomposed into two dominated expanded/contracted bundles.
Introduction and Main Theorem
Let M be a closed Riemannian manifold and denote by diff (M ) the space of C 1 diffeomorphisms in M , equipped with the C 1 topology. In trying to understand diff (M ), properties that are stable under perturbations play a central role in the study. This is true not only from a theoretical point of view (i.e. understanding open sets in diff (M )), but also from an applied one, as it is desirable to maintain the same qualitative conclusions even in presence of small errors. Following common use, we will say that f ∈ diff (M ) has the property P robustly if P is also valid in an open set U f ⊂ diff (M ) containing f .
Among the robust properties that have been studied, transitivity has been one of the most extensively researched. Recall that a diffeomorphism f is transitive if for any two non-empty open sets U and V , there is an integer n ∈ N such that f n (U ) ∩ V = ∅. The first known examples of robustly transitive diffeomorphisms are given by Anosov maps [13] : if f ∈ diff (M ) is transitive and uniformly hyperbolic, then it is robustly transitive. It turns out that certain degree of hyperbolicity is required in order to have robust transitivity. Indeed, if f ∈ diff (M ) is robustly transitive and dimM ≤ 3 then f is hyperbolic/partially hyperbolic [8, 6] ; in general, f admits Df -invariant bundles E, F such that det(Df −n 0 |E), det(Df n 0 |D) ≤ 1/2 for some uniform n 0 ≥ 1 [3] . It is worth to point out that the bundles E, F above are not necessarily uniformly expanding [4] .
As for non-hyperbolic examples, there are several known. The list below gives a rough (and necessarily, incomplete) picture of the arguments used to establish robust transitivity for non hyperbolic systems.
-Deformations from Anosov systems. The first concrete example of non-uniformly hyperbolic robustly transitive map was given by M. Shub in [12] ; later in [8] R. Mañe gave a similar type of construction on T 3 . They are both partially hyperbolic (see next section) and homotopic to an Anosov system, in particular with hyperbolic action on homology. The example given in [4] is also a deformation of an Anosov diffeomorphism, and although it is not partially hyperbolic, it does admit a dominated splitting 1 coherent with its Anosov part (as the previous two examples). More recently, R. Potrie ([10] page 152) gave an example of this type, but with the difference that it admits a dominated splitting which is not coherent with its hyperbolic part. In these cases, the proof of robust transitivity is founded in that they have hyperbolic-type behavior in a large part of the space.
-Blenders. This powerful mechanism was introduced in [2] by C. Bonatti and L. Díaz. With it the authors were able to prove that some perturbations of time-t maps of mixing hyperbolic flows, and of the product of an Anosov map times the identity (say, on T 3 ), are robustly transitive. Note that in the first case the examples are homotopic to the identity, while in the second the action on homology on the fiber direction is trivial. The same tool was used by C. Cheng, S. Gan and Y. Shi in [5] to present a robustly transitive skew-product, but where the fiber action in homology is given by minus the identity. We also point out that the example in [5] has some interesting ergodic properties.
-Minimality of the stable/unstable foliation. It is easy to see that if f ∈ diff (M ) admits an invariant expanding minimal foliation, then f is transitive. Conditions that guarantee the persistence of these types of foliations are thus relevant for robust transitivity. Among this, the property SH introduced by E. Pujals and M. Sambarino [11] is particularly simple to check, and can be applied to establish robust transitivity of transitive partially hyperbolic systems where one has some control on the behavior of the stable/unstable foliations. Shub and Mañe's examples cited before fall into this category.
-Non-uniform expansion along the center. In a recent work [14] , J. Yang considers partially hyperbolic systems with non-uniformly expanding center behavior, and shows that any conservative ergodic of such systems with one-dimensional center is robustly transitive. The author uses the non-uniform expanding character of the center as a replacement for hyperbolicity, employing methods of smooth ergodic theory. These techniques however seem to be applicable only for systems with one-dimensional center.
In this note we add a different type of example to the previous list. We present a diffeo-
for some uniform n0 ≥ 1.
morphism that is again a partially hyperbolic skew-product on T 4 , but with non-hyperbolic action on homology. More importantly, the tangent bundle of the fiber does not admit any one-dimensional invariant direction, nor does it have a non-uniform expanding/contracting behavior. Let T 2 = R 2 /2πZ 2 and for each N > 0 we consider the standard map given by s N (x, y) = (2N sin x+2x−y, x). Fix A ∈ SL(2, Z) a hyperbolic matrix. On T 4 we use coordinates (x, y, z, w), and for each N we consider the skew product f N :
This diffeomorphism was introduced in [1] where it is proven that for large N it is nonuniformly hyperbolic (i.e. all its Lyapunov exponents are Lebesgue almost everywhere different from zero), and remains so by C 2 conservative perturbations: these maps are in fact ergodic with respect to the Lebesgue measure [9] . It is direct to verify that the action on homology of f N is not hyperbolic, and that its fiber direction does not admit a dominated splitting (since Df N |R 2 × {0} = Ds N ). Finally, the example does not satisfy the SH property, and the question whether its stable/unstable foliations are (robustly) minimal seems to be outside the reach of current technology.
Here we establish the following.
Main Theorem. There exists N 0 ∈ N such that for any N ≥ N 0 the diffeomorphism f N is robustly transitive (in fact, robustly topologically mixing).
Remark 1.1. Topologically mixing is a stronger property than transitivity: f is topologically mixing if for any two open sets U and V , there exists n 0 ∈ N such that for any n ≥ n 0 we have
The proofs of robust transitivity for the diffeomorphisms which are deformations of Anosov systems, mentioned above, use information about some type of minimality (or ε-minimality) of stable/unstable manifolds. Observe that, our example has a hyperbolictype behavior in a large part of the manifold, as in the examples which are deformations of Anosov systems. However, an important difference in our proof is that we do not use any information on the minimality (or ε-minimality) of stable/unstable foliations.
Partial hyperbolicity and foliations
The set PH (M ) of partially hyperbolic diffeomorphisms is an open subset of diff (M ). It is well known that the distributions E ss f and E uu f are uniquely integrable [7] , that is, there are two unique foliations F ss f and F uu f , with C 1 -leaves, that are tangent to E ss f and E uu f respectively. For a point m ∈ M we will denote by W ss f (m) a leaf of the foliation F ss , we will call such leaf the strong stable manifold of m. Similarly, we define the strong unstable manifold of m and denote it by W uu f (m). We denote
A partially hyperbolic diffeomorphism f is dynamically coherent if there are two invariant foliations F cs f and F cu f , with C 1 -leaves, tangent to E cs f and E cu f respectively. From those two foliations one obtains another invariant foliation F c f = F cs f ∩ F cu f with C 1 leaves that is tangent to E c f . We call these foliations the center-stable, center-unstable and center foliation.
For R > 0 we denote by W * f (m; R) the disc of size R centered on m, measured by the intrinsic metric in W * f (m), for * = ss, c, uu. Definition 2.2. Let f, g ∈ PH (M ) dynamically coherent. We say that f and g are leaf conjugated if there is a homeomorphism (called a leaf conjugacy) h : M → M that sends leaves of F c f to leaves of F c g and such that for any
One may study the stability of partially hyperbolic systems up to leaf conjugacies. The next theorem is a good representative of this situation.
is partially hyperbolic, dynamically coherent, and leaf conjugate to f . The corresponding leaf conjugacy between g and f depends continuously on g.
Let V and N be compact manifolds. We define a partially hyperbolic skew-product as a diffeomorphism f ∈ P H(V × N ) of the form 3 More generally, the differentiability condition can be replaced by plaque expansivity. See Chapter 7 of [7] where A : N → N is a hyperbolic diffeomorphism, for each q ∈ N , the map F q : V → V is a C 1 -diffeomorphism and depends continuously with the choice of the point q, and
In this case f is dynamically coherent with center foliation F c = {V × {z} : z ∈ N }. The example f N that we are considering is of this type.
Remark 2.4. Using theorem 2.3 one checks that if f is a partially hyperbolic skew-product, then any diffeomorphism g sufficiently close to f is also partially hyperbolic, and has a center foliation F c g given by a trivial fibration with leaves diffeomorphic to V . These leaves approach (in the Hausdorff metric) the horizontal foliation {V × {z} : z ∈ N } as g −→ f .
Some estimates for the example
Recall that for each N ≥ 0 and m = (x, y, z, w) ∈ T 4 we defined the diffeomorphism
, where P x (x, y) = (x, 0).
Its derivative can be computed in block form
where
For a point m = (x, y, z, w) ∈ T 4 we will write Ds N (m) = Ds N (x, y). Observe that
Denote by 0 < λ < 1 < µ = λ −1 the eigenvalues of A, and let e s , e u be unit eigenvectors of for λ and µ, respectively. Consider the involution I(x, y, z, w) = (y, x, z, w) for (x, y, z, w) ∈ T 2 . An important feature of the map f N is given by the following lemma. N is conjugated to the map
by the involution I.
This lemma allows us to prove certain properties for f N and f 
By lemma 2.5, similar statement holds for the strong stable direction, but projecting on the y direction.
For m ∈ T 4 , we identify T m T 4 = R 4 ; since the center bundle E c of f N is tangent to the horizontal fibers, by an abuse of notation we write E c = R 2 × {0} = R 2 (the first two coordinates). We define π h : T 2 × T 2 −→ T 2 , proj h : R 4 −→ E c to be the corresponding projections. Similarly, since the hyperbolic directions E s A and E u A of A on T 2 are constant, by the same abuse of notation we will write E * A ⊂ R 4 , * = s, u for the directions that determine on R 4 . If v ∈ R 4 we write v = (v c , v s , v u ) using the decomposition
For α > 0 we define the stable cone of size α over m by
Note that C s α = {C s α (m)} m∈T 4 is a continuous cone field over M . Analogously, we define the unstable cone field C u α of size α.
Lemma 2.7. Fix α > 0. If N is sufficiently large there exists an open neighborhood U N of f N in diff (M ) such that for every g ∈ U N , the strong stable direction E ss g of g is contained in C s α . Similarly, the strong unstable direction E uu g of g is contained in C u α .
Proof. By (1) we deduce
On the other hand, the strength of the expansion (or contraction) of A 2N is λ −2N (respectively λ 2N ), which is exponentially bigger than the estimates above. Therefore, a simple calculation for N sufficiently large concludes the proof of the lemma for the case g = f N . Noting that all bounds are stable by C 1 perturbations we finish the proof.
Lemma 2.7 states that for N large enough, the strong stable direction is close to the stable direction of the linear Anosov A. Similarly, the strong unstable direction is close to the unstable direction of the linear Anosov A. 
We define the good regions as the sets G * = (Crit * ) c , for * = s, u. For each θ > 0, we define the horizontal cone of size θ along the center, as
We define similarly the vertical cone, but exchanging the roles of v x and v y in the definition. Furthermore, if γ is a C 1 -curve contained in a center leaf satisfying
∀t, and
• it has length greater than N − 3 10 , then the curve g • γ has length greater than 4π and its horizontal projection is tangent to C hor θ .
Proof. The proof follows from the proof of lemma 3.9 and 5.5 in [9] As an easy consequence of Remark 2.4, we have the following proposition:
Proposition 2.9. Fix ε > 0 small, for N large enough there is a C 1 -neighborhood U N of f N , such that if g ∈ U N then g is dynamically coherent, its center leaves are C 1 -submanifolds, g is leaf conjugated to f N and for every m ∈ T 4 the C 1 -distance between W c g (m) and W c f (m) is smaller than ε.
3 Topologically mixing: proof of the Main Theorem Lemma 3.1. For every N large enough, there exists a C 1 -neighborhood U N of f N such that any g ∈ U N verifies the following properties:
is non trivial curve then there exists a point m ∈ γ u and a number n u ≥ 0 such that g n (m) ∈ G u for every n ≥ n u .
2. If γ s ⊂ F ss g is non trivial curve then there exists a point m ∈ γ s and a number n s ≥ 0 such that g −n (m) ∈ G s for every n ≥ n s .
Proof. Suppose that N is large enough and U N is the C 1 -open set given by lemma 2.6. Let g ∈ U N and γ u be a non trivial curve contained in a strong unstable manifold of g. Take n u ≥ 0 to be the smallest integer such that γ u nu := g nu (γ u ) has length greater than λ −N P x (e u ) + 3λ N −1 .
By lemma 2.6, we have that
. This implies that we may take γ u nu+1 ⊂ γ u nu a compact connected curve contained in G u with length greater than 1 2 . It is easy to see that for N large enough, for any curve γ contained in a strong unstable manifold with length greater than 1 2 , then g(γ) has length greater than λ −N P x (e u ) + 3λ N −1 . Therefore, the length of g(γ u nu+1 ) is greater than λ −N P x (e u ) + 3λ N −1 . Repeating this argument, we find a decreasing sequence of compact sets
By construction, the point m = g −nu (m u ) verifies the conclusion of our lemma. The argument for the stable curves is the same, working with backward iterates.
Using the skew product structure of f N , we can prove the following lemma:
Lemma 3.2. There exists a constant R > 0 with the following property: for N sufficiently large, there exists a C 1 -neighborhood U of f N such that for any g ∈ U N and any two points p, q ∈ T 4 we have that for any
Proof. First let us prove that if N is sufficiently large, we have the conclusion of the lemma for f N . The robustness of this property will then follow by a transversality argument.
We consider π v : T 4 → T 2 the projection on the last two coordinates, and start by noticing that (due to minimality of the foliations F ss A , F uu A in T 2 ) there is a number R 1 > 0 with the property that for any p, q ∈ T 2 the disc W s A (p; , R 1 ) intersects transversely W u A (q; R 1 ). By lemma 2.7, there exists a constant R 2 > R 1 such that for any point m ∈ T 4 we have
For any m ∈ T 4 we consider the C 1 -submanifolds
By our choice of R 2 , R 1 , for any m 1 , m 2 ∈ T 4 the sets W cs
(m 2 ) intersect transversely; indeed their intersection is a center leaf, which shows that the conclusion of the lemma holds for f N . Since the manifolds W cs g (·; R 2 ), W cu g (·; R 2 ) depend continuously on g ( [7] chapter 5), the lemma folows.
We fix R as in lemma above and recall that θ = N , there exists a number n u ≥ 0 with the following property: for every n ≥ n u there exists a C 1 curve γ + n ⊂ g n (U ) satisfying:
• γ + n is contained in a center leaf.
• π h (γ + n ) is tangent to C hor θ .
• γ + n has length greater than 4π.
•
Similarly, there exists n s ≥ 0 such that for any n ≥ n s , there exists a C 1 curve γ − n ⊂ g −n (U ) satisfying
• γ − n is contained in a center leaf.
• π h (γ − n ) is tangent to C ver θ .
• γ − n has length greater than 4π
Proof. Choose N andU N so that the conclusions of lemmas 3.1 and 3.2 hold. Fix g ∈ U N and also fix two open sets U, V ⊂ T 4 . Take a small unstable curve γ u ⊂ U and consider n u ≥ 0, m u ∈ γ u given in lemma 3.1 (i.e. g n (m u ) ∈ G u ∀n ≥ n u ). Set m + := g nu (m u ). Since m + ∈ g nu (U ) and the set g nu (U ) is open, we may take a curve
is a horizontal segment on the torus T 2 . By lemma 2.8, the image g(γ + ) projects to a curve tangent to C hor θ and verifies length(g(γ + )) > N 1 2 length(γ + ). The same argument as in the proof of lemmas 4.3 and 5.7 in [9] implies that there exists n 1 ∈ N such that for any n ≥ n 1 , there is a C 1 curve γ + n ⊂ g n (γ + ) with length greater than 4π and π h (γ + n ) is tangent to C hor θ . Take r > 0 so that
Fix n 2 ∈ N such that for any q ∈ γ + and n ≥ n 2 , we have that g n (W uu g (q; r)) ⊃ W uu g (g n (q; R)). Finally, take n u = max{n 1 , n 2 }. It follows directly that for any n ≥ n u we have
which finishes the proof of the first part. A similar argument for g −1 completes the proof of the proposition.
Consider the vertical foliation F ver = {{z} × T 2 : z ∈ T 2 }. Observe that if N is sufficiently large and g sufficiently C 1 -close to f N , we have that W c g (m) intersects each vertical torus {z} × T 2 in exactly one point, for any m ∈ T 4 . Hence, for any two points We recall also the notion of holonomy. For p, q ∈ M with q ∈ W ss
(q), the stable holonomy between p and q, by
It is easy to see that this is a well defined map. Analogously we define H s,g p,q for g close to f N . Similarly, we define the unstable holonomy map H u,g p,q using F uu g instead of F ss g . Let R > 0 be the constant given by lemma 3.2. 
p,q ) < ε. Analogous result holds for the unstable holonomy.
Proof. Fix ε > 0. Let us first prove that the conclusion holds for f N , for N large. Using the coordinate system we defined in (3), we consider the constant vector field X s = {0} × e s , where e s is the unitary vector that generates the stable direction for the linear Anosov A chosen at the beginning. Let {X s t } t be the flow generated by X s . As mentioned, since the system is a skew product, any stable manifold of f N projects to a stable manifold of A. In particular, for p ∈ T 4 and q ∈ W ss By proposition 3.3 applied to U for the future and V for the past, we obtain two numbers n u , n s ≥ 0 that verify the conclusion of the proposition. For n ≥ n s consider the curve γ − n ⊂ W c g (q n ) ∩ g −n (V ) that is almost vertical, and γ + n u ⊂ W c g (p u ) ∩ g n u (U ) be the almost horizontal curve given by the proposition.
Applying lemma 3.2 we deduce the existence of a point z n ∈ T 4 such that W cs g (q n ; R) ∩ W cu g (p u ; R) = W c g (z n ). Observe that the image of h ) must intersect at some point m n ∈ W c g (z n ) (see figure 1) . By proposition 3.3, the point m n belongs to g n u (U )∩g −n (V ). In particular, g n u +n (U )∩ V = ∅. Hence, for any n ≥ n u + n s we have that g n (U ) ∩ V = ∅ and g is topologically mixing. This concludes the proof of the Main Theorem.
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